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Abstract: We consider ADHM instantons in product group gauge theories that arise from 
D3-branes located at points in the orbifold M^/Zp. At finite we argue that the ADHM 
construction and collective coordinate integration measure can be deduced from the dynamics 
of D-instantons in the D3-brane background. For the large- conformal field theories of this 
type, we compute a saddle-point approximation of the ADHM integration measure and show 
that it is proportional to the partition function of D-instantons in the dual AdS^ x /"Lp 
background, in agreement with the orbifold AdS / CFT correspondence. Matching the expected 
behaviour of D-instantons, we find that when S'^/Zp is smooth a saddle-point solution only 
exists in the sector where the instanton charges in each gauge group factor are the same. 
However, when S^/Zp is singular, the instanton charges at large N need not be the same 
and the space of saddle-point solutions has a number of distinct branches which represent the 
possible fractionations of D-instantons at the singularity. For the theories with a type OB dual 
the saddle-point solutions manifest two types of D-instantons. 
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1. Introduction 



There is a natural relation between D-branes and the ADHM construction of multi-instanton 
solutions in gauge theory which arises from considering a configuration of k Dp-branes embedded 
in coincident D{p + 4)-branes. The embedding is described by a charge k instanton solution 
in the four-dimensional SU(iV) gauge theory associated to the four transverse directions of the 
Dp-branes in the D(j9 + 4)-brane world volume [1-4]. This correspondence is valid for arbitrary 
values of A^, but in the large- limit it simplifies dramatically [4] leading to powerful instanton 
tests [4-6] of the AdS/CFT duality in A/" = 4 gauge theory [7,8]. Thus both at finite A^ and 
in the large- A^ limit there is a very appealing relation between ADHM and D-instantons. It is 
this relation in more general theories that we want to further investigate in this paper. 

To see how the collective coordinate integration measure for ADHM multi-instantons 
emerges from D-brane dynamics, consider k D(— l)-branes (D-instantons) embedded in A^ coin- 
cident D3-branes. The theory on the world volume of A^ D3-branes is four-dimensional A/" = 4 
supersymmetric SU(A^) gauge theory. The k D-instantons correspond to 'point-like' topologi- 
cal defects identified with Yang-Mills instantons of charge k. The theory on the world volume 
of the D-instantons describes the Yang-Mills instanton dynamics. This is a zero-dimensional 
matrix theory whose partition function in the strong coupling a' — > limit gives the ADHM 
collective coordinate integration measure (weighted with the instanton action). This relation 
holds for arbitrary A^ and the a' — > hmit is taken in order to decouple the world volume 
theory from gravity in the bulk. This finite-A^ approach was used in Sec. IV.2 of [4] to derive 
directly from D-brane dynamics the ADHM measure in A/" = 4 supersymmetric SU(A^) gauge 
theory. The resulting expression is in precise agreement with the expression previously deduced 
in Ref. [9,10] from the field theory considerations alone. 

The matrix model describing the D-instantons inside the D3-branes can be viewed as a 
dimensional reduction to zero dimensions of the effective theory describing D5-branes inside 
D9-branes. The theory on the world volume of the k D5-branes is pure A/" = (1, 1) super- 
symmetric U(A;) gauge theory in six dimensions with A^, the number of D9-branes, additional 
hypermultiplets (and so the resulting theory actually only has A/" = (1,0) supersymmetry). 
What is particularly striking is that the auxiliary dcgrccs-of-frccdom x introduced in [4, 5] to 
bi-linearizc the four-fcrmion interaction in the ADHM instanton action arise now in a very 
natural way as the scalars corresponding to the six- dimensional gauge field [4] and describe the 
freedom for the D-instantons to be ejected from the D3-branes. This geometrical interpretation 
of X variables deserves a comment. One might think that since we have started with D5-branes 
inside D9-branes and then dimensionally reduced six dimensions common to the both types 
of branes, we must end up with D-instantons lying inside the D3-branes, however, this static 
reasoning however is naive. The six-dimensional gauge field x living on the world volume of the 
D5-branes turns into six scalar 'fields' after the dimensional reduction. The six scalars x specify 
excitations of the D-instantons transverse to the D3 world volume. Thus, when x are non-zero 
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the D-instantons are in fact ejected from the world volume of the D3-branes. In the large- 
limit, it turns out that x gains a 'VEV which constrains its length and an is generated! 

Ref. [4] went on the consider the large- limit of this measure. Using a steepest descent 
approximation the result is very simple to state. The large- gauge invariant ADHM measure 
is proportional to the partition function of the six-dimensional pure M = (1,1) supersymmetric 
U(A;) gauge theory, with no additional matter, dimensionally reduced to zero dimensions. Alter- 
natively, this can be described as the ten-dimensional J\f = 1 supersymmetric pure U(/c) gauge 
theory dimensionally reduced to zero dimensions. This is precisely what one expects for D- 
instantons in a flat background with no D3 branes present, where the U(l) C U(/c) components 
of the ten-dimensional gauge field are interpreted as the position of the charge-A; D-instanton 
in M^°. The only difference with the large- A^ measure is that the U{1) components of the gauge 
field are now interpreted as the position of the charge-Zc D-instanton in AdS^ x S^, the near 
horizon geometry of the N ^ oo D3-branes. 

To make this more precise it is convenient to view the gauge- invariant ADHM integration 
measure as a product of two factors: the centre-of-mass measure and the reduced measure. The 
centre-of-mass measure includes only the global collective coordinates — the position, the scale- 
size, the supersymmetric and superconformal fermion zero modes, and the x-coordinates of the 
multi-instanton configuration as the whole. The second factor — the reduced measure — includes 
integrations over the remaining relative collective coordinates (relative positions, relative scale 
sizes, etc.). It follows from the analysis of Ref. [4] that the reduced gauge-invariant ADHM 
measure in the large- A^ limit equals the non-abelian part of the D-instanton measure in the flat 
background, while the centre-of-mass ADHM measure gives the volume element of AdS^ x S^. 

This concludes the review of the finite- A^" and large- A^ relations between D-instantons and 
Yang-Mills instantons in jV = 4 gauge theory. We are now ready to generalize this picture other 
theories with J\f < 4. An interesting class of generalizations of the AdS/CFT correspondence 
[7,8] to four dimensional theories with less than A/" = 4 supersymmetry, follows from considering 
string theory on a background where the is replaced by the quotient S^/T, where in general 
the finite group F does not necessarily act freely and so the resulting space has singularities 
[11-13]. For simplicity here we shall only consider the abelian cases F = Zp, although our 
results have an obvious generalization to the non-abelian cases. The relevant string theory is 
either type IIB, or the non-supersymmetric type OB, depending upon the action of Zp on the 
fields of the theory. There is substantial evidence that the dual gauge theory is simply a certain 
Zp-projection of the Af — A theory, where Zp acts both on gauge and on the 811(4)^ indices of 
the various fields [12]. The resulting theories can have either jV" = 0, 1 or 2 supersymmetries. 

Before summarizing our findings, we briefly review the description of the Zp-projected 
gauge theories and their relation with D-branes on orbifolds. 
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1.1 The projected J\f — A gauge theories and D-branes on orbifolds 



The theories that we will consider can be defined as projections oi an J\f — A supersymmetric 
gauge theory with a unitary gauge group U(n) [11-13]. The projection is obtained by an action 
of a finite group F which is embedded in both the gauge group and the SU(4)ij group of R- 
symmetries. The embeddings F C U(n) and F C SU(4)ij are specified by the decomposition 
of the adjoint representation of the gauge group and the 4 of SU(4)ij, respectively, into the 
irreducible representations of F. The projected theory is then defined by the same action of 
the J\f = 4 theory with all the F non-invariant fields set to zero. 

The construction outlined above works for any such F, however for simpficity, we shall 
concentrate on the abelian cases where F = Zp. Without loss of generality we can take the 
embedding Zp C U(n) to be generated by 



/l[iVi]x[Afi] \ 

p27ri/p-| 

^ ^IN2]X[N2] 
I p2(p-l)7ri/pi , 

\ e ' ' ' i-iNp]xiNp]/ 



(1.1) 



The embedding Zp C SU(4)ij can be defined by a set of four phases, or equivalently four integers 
Q2, Qs, Qa} defined modulo p, subject to the condition 

?i + ?2 + q'3 + ?4 = modp . (1.2) 

The gauge field Vn is an SU(4)i^ singlet and hence invariant under Zp C SU(4)jj. On the 
fermions A^, which transform as a 4 of SU(4)i?, the action of Zp C SU(4)i? is generated by 

A^ ^ ^^^iQA/px^ . (1.3) 

The action on the scalar fields which form a 6 of SU(4)r (or a vector of S0(6) C SU(4)ij) 
is given most easily by writing them as an anti-symmetric tensor A^^ , subject to the reality 
condition^ 



{A^y = leABCoA^''' . (1.4) 
In this basis the action of Zp C SU(4)i? is generated by 

J[^AB _^ ^2m{qA+qB)/pji^AB ^-^ g) 

The Zp action on S0(6) vectors as specified above may not give a faithful representation of Zp. 
This happens when all the combinations qA + ?b are even and when p itself is even, in which 

^Here f acts only on gauge indices and not on SU(4)ij indices. We frequently pass between the antisymmetric 

tensor representation and explicit S0(6) vector representation Aa, via A^^ = Aa, where the 

coefficients are defined in the Appendix of [4]. In particular the inner product AaBa = cabcdA^^ B'~'^ . 
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case only the subgroup Zp/2 C Zp is faithfully represented on vectors, a subtlety which will 
prove to be important. 



We are now in a position to implement the Zp projection on the fields. Taking a combination 
of the gauge transformation (1.1) and the action on SU{4)ji indices (1.3): 

(1.6) 

Hence the gauge group of the projected theory is U(A^i) x • • • x U(A^p) with n — Yll=i ^g- 
element of the gauge group of the projected theory has the block diagonal form 



I t^[JVi]x[JVi] 



(2) 

[N2]X[N2] 



\ 



[Np]x[Np] / 



(1.7) 



where t/'-'^-' G V{Nq). The abelian components of the U(A'q) factors actually decouple in the 
infra-red and so effectively we can take the gauge group to be SU(iVi) x • • • x SU(iVp).^ In order 
to write down the projected fields we introduce a block-form notation for the U(n) adjoint- 
valued fields of the parent theory. Let Eq^. be the p x p matrix with a one in position {q, r) and 
zeros elsewhere.^ The gauge field of the projected theory has the block-diagonal form 

Vn^Y.V^'^^Eqq, (1.8) 
9=1 

where the block Vn'' is the gauge field of the U(Ai'g) subgroup of the gauge group. The fermions 
and scalars have off-diagonal components, since the scalar and fermion fields in the original 
theory have non-trivial transformations under the i?-symmetry: 

X^^Y. X^.)A ^ Eqq^q, , = ® ■ (1-9) 

q=l q=l 



One can see that the spectrum of fields in the theory consists of the gauge bosons of 
the product gauge group along with various matter fields that transform in bi-fundamental 
representations {Nq, Nj.) of a pair of the group factors, or adjoint representations of a single 
U(A^g) factor. The amount of supersymmetry depends on the set of integers {qi, q2, qs, q^}- We 
can take (subject to (1.2)): 

^This decoupling is valid in the context of a four dimensional theory, however, we shall also use the same 
kind of projection in lower dimensional theories where the decoupling does not occur. 
^We will always think of the labels q, r, qa, etc., as being defined modulo p. 
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(i) {0,0,^3,54} (without loss of generality we can take = —q^ = 1). These models 
have Af — 2 supersymmetry and Zp leaves two components of an SO (6) vector fixed (in SU(4) 
language the two components A^"^ and A^) . 

(ii) {0, q2, qs, q^} with q2, qs, q^^ mod p. These models have J\f — 1 supersymmetry 

(iii) All the other case have jV = supersymmetry. 

These theories describe the low energy dynamics of D3-branes on the orbifold x R^/Zp, 
where the D3-branes lie along the factor and so at a point on the R^/Zp orbifold [14]. 
One way to analyze this set-up is to consider the D3-brancs on the covering space M}'^ using a 
method of images. Each D3-brane will then come with its images under Zp. So each collection 
of N D3-branes at the same point in will have p images. This naturally gives rise to the 
gauge theory described above but with N = Ni = ■ ■ ■ = Np. This is situation where the adjoint 
of the original U(n) = l]{pN) theory decomposes into N copies of the regular representation of 
Zp. However, there is more freedom if the D3-branes are at the singularity of the orbifold [14]. 
In that case, there are no images and consequently one can permit the more general situation 
with gauge group U(A^i) x • • • x \J{Np). Each \J{Nq) factor describes Nq 'fractional' D3-branes 
which are confined to move on the orbifold singularity [14-16]. In this case p fractional D3- 
branes of each of the p types can form a genuine D3-brane which can then move away from the 
singularity.^ 

It turns out that it is precisely the theories where the D3-branes can roam on the orbifold, 
i.e. N = Ni — ■ • ■ — Np, which are relevant for large- hmit and an AdS/CFT duality, because 
these theories are, for jV' = 1 and 2, conformal, and, for J\f — 0, conformal at leading order 
in 1/A^ [13]. For the supersymmetric theories the large- A^ dual is conjectured to be type IIB 
superstring theory on AdS^ x S^/Zp [11]. For M —2 supersymmetry the action of Zp fixes an 
C and so the resulting spacetime has an orbifold singularity and consequently there is no 
supergravity description (unless the singularity is blown up in some way). On the contrary for 
the M = 1 theories there are no singularities and we expect to have a supergravity description 
in the appropriate limit. Notice that in this case there is an important difference between the 
flat orbifold x M^/Zp and the near horizon geometry AdSr, x /Xp. The former has an 
orbifold singularity at the origin of R^, whereas there is no such singularity in the latter since 
the radius of the is constant over AdS^ [11]. This fact will turn out to have an important 
implication for the large- A^ limit of the instanton measure. 

For the A/" = theories the situation is slightly more complicated because there are two 
cases depending on whether Zp C SO (6) C SU(4) or not. In general only the subgroup 
Zp/2 C Zp acts faithfully on SO (6) vectors. In this case the clement whose action on SO (6) 
vectors is not faithfully represented acts on the fields as (—1)^, where F is the fermion number 

^It is interesting to view these fractional D3-branes in a T-dual set-up [17] where they correspond to a 
segment of D4-brane suspended between two NS5-branes as in [18]. 
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operator. When Zp does act faithfully then the large- A?" dual is expected to be the type IIB 
superstring on AdS^ x S^fZp, as for the supersymmetric cases. However, when only Zp/2 acts 
faithfully, the appearance of the factor (—1)^ is a clue that in this case the dual theory is not 
the type IIB superstring but rather is the non-supersymmetric type OB string. In particular, 
when p = 2, this is precisely the projection of the A/" = 4 which is thought to be dual to the 
non-supersymmetric type OB string on AdS^ x [19,20]. In general we expect the dual theory 
to be the type OB string on AdS^ x 5^/2^/2 • 

1.2 Summciry of results 

As in Ref. [4] we can investigate the general Zp-projected theories at finite N by considering the 
dynamics of D3-branes and D-instantons in the flat orbifold background x M^/Zp, where the 
D3-branes lie along and hence at a point on the orbifold R^/Zp. In particular if the D3-branes 
lie at the orbifold singularity then the resulting gauge theory can have the general product group 
structure U(A'^i) x ■ ■ ■ x U[Np) with matter fields transforming in bi-fundamcntal representations 
generalizing to a six-dimensional orbifold the set-up in Rcf. [14]. This theory is the Zp-projcction 
of the J\f = 4 supersymmetric gauge theory with gauge group U(n), n = Y^^^i Ng, described 
in the last section. We will argue that the matrix theory of D-instantons which lie at the 
orbifold singularity in the presence of the D3-branes is a certain Zp-projection of the \J{K) 
matrix theory describing the D-instantons in the J\f — A described in more detail in 

Sec. 3.2.^ The discrete group Zp is embedded in the ^{K) group of the matrix theory as cr^kq} 
and in the U(n) 'flavour' group as (^{Nq}- The group also acts, as in (1.3), on SU(4)i^, which 
in the matrix model is the covering group of the Lorentz group of the parent six-dimensional 
theory. The resulting theory consequently has symmetry groups U(A;i) x ■ ■ ■ x U{kp) and 
U(A^i) X ■ ■ ■ X U(iVp). We argue that the partition function of the resulting matrix model in the 
decoupling limit a' — > is precisely the ADHM measure in the gauge theory in the instanton 
charge sector C — {ki, . . . ,kp}, generahzing the M — 4 case in [4] in an obvious way. In 
particular, in the J\f — 2 case the resulting theories arise from the dimensional reduction of the 
D3 and D7-brane configurations in the R^/Zp orbifold background described in [14]. 

We then consider the large- iV gauge invariant measure for ADHM instanton in the con- 
formal theories with gauge group U(A^) x ■ ■ ■ x U(A^) (p-times) and find the following results. 
Firstly, in (i) and (ii) below, for the theories whose dual is the type IIB theory (i.e. all the 
supersymmetric theories and the J\f — theories where Zp acts faithfully on SO (6) vectors): 

(i) When Zp acts freely on SO (6) vectors, a solution of the large- saddle-point equations 
for the instanton measure only exists in the sector where all the instanton charges are the same. 
In other words when S^/Zp is smooth in the dual theory, only the C = {k, ... ,k} charge sectors 
contribute at leading order in 1/A^. The saddle-point solution describes k point- like objects, the 

■''In our notation kg is the instanton charge for the \]{Nq) factor of the gauge group. We also define K = 
ki + ■■■ + kp to he the total instanton charge. 
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D-instantons of the string theory, moving in AdS^ xS^/Zp. The large- A?" instanton measure has 
the form of the partition function of the Zp-projected N — 1 supersymmetric U(ir) = \]{pk) 
gauge theory in ten dimensions, dimensionally reduced to zero dimensions. This theory has 
gauge group U(A;) x ■ ■ ■ x U(/c). Equivalently we may describe it as the Zp-projection of the 
M = (1,1) pure six-dimensional U(fr) gauge theory dimensionally reduced to zero dimensions. 
The saddle-point solution corresponds to the coulomb branch of the matrix theory where the 
U(/c) X • • • X U(A;) gauge symmetry is generically broken to U(l)J;^g.^ 

(ii) When Zp does not act freely on SO (6) vectors a solution of the saddle-point equations ex- 
ists in the general charge sector where the instanton numbers can be different C — {/ci, . . . , kp\. 
In this case, the saddle-point solutions have multiple branches labelled by A; = 0, . . . , min(/cg). 
The branches describe k D-instantons moving in AdS^^ x /'Lp and kq—k fractional D-instantons 
of type q moving in AdS^ x (5'^/Zp)sing. (Here {S^ /1^p)suig is the subspace of fixed by the 
action of Zp.) The large- instanton measure is then described by the partition function of 
the Zp-projected M = 1 ten-dimensional U(i^') gauge theory dimensionally reduced to zero 
dimensions, as in (i), but with the more general Zp-projection which permits the gauge group 
U(/ci) x • • • x U(/Cp) (or as in (i) equivalently the Zp-projection of the H — (1, 1) pure six- 
dimensional ^{K) gauge theory dimensionally reduced to zero dimensions). The saddle-point 
solutions correspond to a series of coulomb branches of the matrix theory where the symmetry 
U(A;i) x • • • x U(A;p) is generically broken to U(l)^;3^g x When k ^ ki ^ ■ ■ ■ ^ kp this 
is identical to the coulomb branch in (i) above. 

(iii) In the non-supersymmetric theories with a type OB dual where only Zp/2 C Zp acts 
faithfully on SO (6) vectors, the solution of the saddle-point equations is slightly more compli- 
cated. In this case, we split the instantons into two sets with charges 

C+ ^ {k2,k4,, . . . ,kp} , ^ {ki,k3, . . . ,kp^i} . (1.10) 

From the point-of-view of the saddle-point analysis the two sets of instantons are completely 
decoupled.^ For each set C± separately the solutions of the saddle-point equations is analogous 
to (i) and (ii) above. So if Zp/2 acts freely on then a saddle-point solution only exists if 
each of the instanton charges in each sets C± is the same: C± — {k±, . . . , k±}. In this case 
the solution can be interpreted as describing two kinds of D-instantons in AdS^ x S^/'Ep/2. 
On the contrary, if Zp/2 does note act freely on S^, then saddle-point solutions exist in the 
general {ki, . . . , kp} charge sectors. As in the type IIB cases the solutions now exhibit multiple 
branches describing the fractionation of the two kinds of D-instantons. 

Beginning with the type IIB cases, our results are exactly what one would expect from 
generalizing the result of the same analysis in the — A theory [4] . In other words we find 
that the large- A?" ADHM instanton measure is identical to the D-instanton partition function 

^This is the maximal abelian subgroup of the diagonal subgroup U(fc)diag C U(fc) x • • • x U(A;). 
^Thc point is that the two sets only communicate through fermionic variables which play no role in the 
saddle-point analysis. 
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on the flat orbifold x M^/Zp. This is to be expected: as in the — A theory the partition 
function for D-instantons on AdSr, x is identical to that in flat space. However, there is an 
important restriction in the cases when S^/I^p is smooth. In the corresponding flat orbifold, 
describing the finite-A'" solution, the D-instantons could lie at the singularity and one would 
have contributions from the general charge sector {ki, . . . , kp} corresponding to fractional D- 
instantons. However the near horizon geometry AdS^^ x S^fZp is smooth and so we expect only 
the charge sector {k, ... ,k} can contribute at large N and this is precisely what we find from 
our saddle-point analysis for case (i). When S^/Zp has a singularity there is no such constraint 
on the charge sector as we flnd from the saddle-point analysis in case (ii). In this case the space 
of solutions has a number of different branches which represents the possible fractionations of 
D-instantons at the singularity (5'^/Zp)sing- 

For the theories whose duals are the type OB string theory the situation is essentially 
doubled up: in this case the instantons in the even/odd groups in the product U(A^) x ■ ■ ■ xU(A^) 
are independently interpreted as in the last paragraph with D-instantons in the string theory. 
It is interesting that this is exactly what is expected from the type OB string theory since the 
number of Ramond-Ramond flelds is doubled up compared with the type HE theory. This 
means that each D-brane comes in two varieties: 'magnetic' and 'electric'. It is pleasing that 
this feature also emerges as the outcome of a saddle-point analysis of large- A^" gauge theory 
instantons. 



2. The ADHM Construction for Product Groups 

In this section we consider the construction of multi-instanton solutions for the projected A/" = 4 
theory. The construction is a very obvious generalization of the ADHM formalism set out in [4] . 
The new feature is that some of the matter flelds transform in bi-fundamental representations 
of a pair of the gauge group factors. Fortunately this problem was considered in the early 
instanton literature [21] as part of a program to construct solutions for fields transforming in 
arbitrary representations of a gauge group in the back-ground of an ADHM instanton. The 
resulting formalism is such an obvious generalization of that for an adjoint- valued field that we 
will keep our discussion brief. Note that as far as the instanton solutions are concerned there 
is no difference between U(iVq) and SU(iVq) since the instanton is embedded in the non-abelian 
part of the gauge group. 

2.1 The gauge fields 

First of all consider the gauge fields. To leading order in the coupling one simply ignores the 
matter fields and considers the gauge fields in isolation. At this order, there are no couplings 
between the different SU (Nq) group factors; in order words, one constructs a general instanton 
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solution by embedding instanton solutions with charges kg, q = 1, . . . ,p, in each of the SU(iVq) 
factors. The ADHM construction then involves the famihar objects C/(«\ U^''\ A^^), a^^^, b^''\ 
f^'^\ an'^\ etc., for each of the groups.^ As with the gauge fields of the theory, it is 

convenient to assemble the ADHM parameters for the product group into p x p block diagonal 
matrix where each block pertains to a single S\J{Nq) factor. So, for example 

p 

a = J2^^'^®^ii- (2-1) 

q=l 

The matrix a is then the ADHM matrix of the q^^ gauge group factor, and hence is {Ng + 
2kg) X 2kg dimensional. 

The ADHM variables, modulo the ADHM constraints, parameterize the moduli space of 
the instanton solution, up to an auxiliary symmetry 

U(A;i) X ■ ■ ■ X U(A;p) , (2.2) 

where each factor U{kg) acts on the variables of the q^^ block in the way described in [4]. 

2.2 The fermion fields 

Up till now we have simply used p independent copies of the ADHM construction one for 
each of the S\J{Ng) group factors. This is obvious because the gauge fields of each S\J{Ng) 
factor of the instanton solution are completely decoupled. For any matter field which is in an 
adjoint representation of the gauge group, an eventuality that will occur if some qA = 0, for 
the fermions, or some qA + qs = 0, for the scalars, the construction of the solution is exactly 
as [4]. The matter fields, however, can communicate between the different factors since some 
of them are in bi-fundamental representations. 

Let us consider the general problem of a fermion transforming in the bi-fundamental 
{Ng, Nr) of S\J{Ng) X S\J (Nr). The equation we have to solve is the Dirac equation f>°'°'Xa — 
for Aq, in the background of an instanton solution with charge kg and kr in each of the two 
group factors, respectively. The solution generalizes that for an adjoint fermion [21] and has 
the form 

Xa = C7(«)A1(«'^)/W6«C/W - lJ^'l)lj{q) fig) J^{qr)jj{r)^ ^2.3) 

where C/^^^ and U^'^\ etc., refer to objects from the ADHM construction for the groups S\J{Ng) 
and SU(A^r), respectively. The 'off-diagonal' objects M.^'^'^^ and A^^^'') are constant Grassmann 
matrices of dimension {Ng + 2kg) x kr and kg x [Nr -\- 2kr), respectively. The Dirac equation is 
then satisfied by virtue of the fermionic ADHM constraints 

AfM^'i'^ + A^^^'-) = . (2.4) 

*We will assume that the reader is familiar with Sec. II of [4]. 
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Equations (2.3), (2.4) correctly reproduce the adjoint fermion zero mode construction [4,21,22] 
when Nq — Nj. and kq — kr, while when kr — the S\J{Nq) fundamental fermion zero mode 
construction is recovered [21,22]. In the latter case A^''^ and M.^'^'^^ are trivial, and the collective 
coordinates Al^^*"^ are unconstrained, just as required. 

It is now rather easy to see how to generalize the construction when we have a collection 
of fermion fields that transform in a set of adjoint and bi-fundamental representations of the 
product group as in (1.9). The trick is to write the fermionic collective coordinates in terms of 
the block-form matrices already introduced in (1.9). To this end we introduce M"^ and M."^ 
that are four {n + 2K) x K and K x {n + 2K) matrices of constant Grassmann numbers with 
non-zero elements in particular blocks: 

p 

= (2.5) 

9=1 

where = and A^(«)^ = A4(««+«^^^. The ADHM constraints for all the 

fermions can therefore be written in a single equation as 

A^M^ + M^A^ = . (2.6) 



2.3 The scalar fields 



In this section, we consider the ADHM formahsm for the scalar fields. The construction for 
the scalar fields in the background of an instanton solution follows the same pattern as in the 
Af ^2 theories [22] and in the = 4 theories [4] . 

To leading order, the scalar fields satisfy the covariant Klein-Gordon equation, with a 
source term bi-linear in fermions coming from the Yukawa interactions. Fortunately, the most 
obvious generalization of the solution in the A/" = 4 theory provides the solution in the projected 
theories. As in the J\f = A theory it is convenient to imagine a set of collective coordinates for 
the scalar fields, even though no actual moduli exist. In our theories, these pseudo collective 
coordinates take the block form 

^AB ^ Y.A^^)^B^Eqq^q,^q, (2.7) 

where ^(-J)^^ is a fcg X kq^q^^qg matrlx. The pseudo collective coordinates are then eliminated — 
at some later stage — by the algebraic equations 

L • = A^^ . (2.8) 

Here the right-hand side involves a bilinear in the fermionic collective coordinates 

A^^ = J—^M^M^'-M^M^) (2.9) 
2v 2 
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and reflects the Yukawa source term. In (2.9), the hnear operator h on K x K matrices is 
defined by 

L-n = i{n,w^°} + [a;,[a;,n]], (2.10) 

where K x K hermitian matrix has the block-diagonal components 

1^(9)0 = ^i^) ^ (2.11) 

For later use, we define the components of L with respect to the block-form basis: 

p p 

L • J2 ^^'^ ® ^ll+r = Yl ^^""^'^ • ^^'^ ® ^11+^ (2.12) 
9=1 q=l 

from which we deduce that on kg x k,. matrices $ 

L('"^) • $ = + a;(^)a^<^))$ + ^(iW^^'-)^ + a;Waf )) - 2a;(^)$af ) . (2.13) 

2.4 The multi-instanton action 

When the expressions for the gauge, fermions and scalar fields are substituted into the action 
the result is not simply a constant, but contains an interaction term which depends on the 
fermionic collective coordinates: 

^inst = ^ -tKe + (2-14) 

9 

where Squad is a fermion quadrilinear interaction 



2 2 

^quad - ^eABCDtTKA^^A^'' = ^ e^fiCD tr^ A^^L-^A^^ . (2.15) 
9^ 9 



The expression for -Squad is derived in a completely analogous way to the M — ^ theory [4] . 

This is somewhat of a surprise: one might have expected the action to be a constant if we 
have a solution of the Euler-Lagrangc equations. As explained in [4], the ADHM expressions 
for the gauge, fermion and scalar fields arc not, in fact an exact solution to the Eulcr-Lagrange 
equations when all the fermion modes are 'turned-on'. The fact is that although the fermion 
zero modes are Dirac zero-modes, the majority of them are hfted at tree level by the Yukawa 
interactions with the scalars. The philosophy that we adopt, and explained at length in [4], is 
that retaining collective coordinates for the lifted modes provide a convenient way of including 
the perturbative (tree level) effects of the modes. In this point-of-view, the only exact fermion 
zero modes, not lifted by (2.15), are the supersymmetric and superconformal zero modes. These 
modes are defined in terms of M."^ and M.^, as in the Af — 4 case [4], but only for qa — 0, 
giving 8, 4 and modes, for J\f = 2, 1 and 0, respectively. 
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3. The Collective Coordinate Measure 



In this section wc write down the integration measure on the space of ADHM collective coor- 
dinates and then show how for Ng > 2kg it can be reduced to a measure on the set of gauge 
invariant variables. Then in this new set of variables, the ADHM constraints will be exphcitly 
resolved. Note that the restriction Nq > 2kq is certainly consistent with the large- hmit. 



3.1 The flat measure 



In order to calculate physical quantities we need to know how to integrate on the space of 
ADHM variables. This is the measure induced from the full functional integral of the field 
theory. Thankfully, repeating the argument of Refs. [4, 9, 10] it turns out that the measure is 
remarkably simple when written in terms of the complete set of bosonic and fermionic ADHM 
variables: it is just the flat measure for all the variables with all algebraic constraints imposed 
via explicit delta functions. In order to define the physical measure, we must divide by the 
volume of the auxiliary group (2.2): 

/ ~ vn^^(k^ I H ^^'^ ^/^^ H ^-^'^ 

J llg=1^0W[Kg) J ^=1,2,3,4 13=2,3,4 

c=l,2,3 A=l,2,3,4d=l,2 B=2,3,4 

(3.1) 

The ~ above indicates that in contrast with our previous work [4, 9, 10] we are not going to 
keep track of the overall normalization of the measure. In the above, both the integrals and 
the delta functions are defined with respect to a particular basis of matrices. A given K x K 
matrix quantity with block-form M = J2g=i M'^'^^ ® -Eqg+r, where M^^^ is a /cg x kg+r matrix, 
can be expanded in the basis oi K x K matrices Ta^: 

rir 

M = J]M„rW, (3.2) 

a=l 

where Ur = X]g=i ^q^q+r ^ud the basis Ta^\ with T^f^^ — Ta~^\ is normalized by tr^ Ta^^T^~^^ — 
S^^dab- The delta functions in (3.1) are defined as 



<5M(M)=Jj5(tr^ri-'^)M) . (3.3) 

a=l 

The pseudo collective coordinates for the scalar fields A^^ can be explicitly integrated out: 

B=2,3,4 5=2,3,4 

(3.4) 

= n n (detL(^'^+^i+'^«))"' = n n (detL(^''+^^+^^))"'/' . 

q=l S=2,3,4 q=l A<B 
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The last equality follows from (1.2) and the fact that detL(«'') = detL^''?). 



The measure (3.1) must be augmented with the instanton action, exp —Smst and, as we 
discuss in Sec. 3.3, the ratio of the fluctuation determinants in the J\f = cases. Following 
the AT = 4 example, it is convenient to bi-linearize the fermion quadrilinear interaction by 
introducing a set of auxiliary bosonic 'collective coordinates' xab- 

f[ n (detL(«^+^-+^-))-^/%xp 

q=iA<B (3.5) 

~ J c?X exp [ - trj^ XaJ^Xa + ^-Kig'^i^K XasA"^^] • 

Notice that this transformation absorbs the determinant factors appearing in (3.4). The aux- 
iliary variables xab form an antisymmetric pseudo real tensor of SO (6) whose elements are 
K X K matrices subject to 



2 



Xab , (3-6) 



where f acts only on instanton indices. The variables xab can be written as an explicit S0(6)ij 
vector Xa, a = 1, . . . , 6, by using the coefficients E^^ defined in the Appendix of [4]: 

XAB^^'^ABXa- (3.7) 

The matrices xab have the following block structure 

p 

XAB = Yl ® ■ (3-8) 



3.2 The ADHM Measure and D-branes 



In this section, we argue that the measure that we have constructed in terms of the bosonic 
variables {a[^, xab, Wa, w"} and the fcrmionic variables {A4[f , fi^ , fl^} , can be derived by con- 
sidering the dynamics of D-instantons in the background of D3-branes. 

Let us briefly re-cap the same story in the — A theory described in Sec. IV.2 of Ref. [4]. 
In order to describe the D(— 1)-D3 system one starts with the D5 — D9 system and then di- 
mensionally reduces. We are interested in the world-volume theory of the D5-branes which on 
dimensional reduction will describe the matrix model of the D-instantons. The six-dimensional 
theory describing the K D5-branes consists of a U{K) vector multiplet of A/" = (1, 1) super- 
symmetry with fields {xa, -M'^ , \% a'^, D""} and n fundamental hypermultiplets of A/" = (1,0) 
supersymmetry with fields {wa,'W°', fJ'^, fi^}-^ 

^The indices are defined as follows: a = 1, ... ,6 and A = 1, . . . ,4 are spacetime SU(4) vector and spinor 
indices; a = 1,2 and d = 1,2 are spinor indices of the S\J{2)l x SU(2)i{ i?-symmetry group of the theory; 
77 = 1. . . . , 4 is a vector index of S0(4) c SU(2) l x SU(2)ii and finally c = 1, 2, 3 labels the adjoint representation 
of SU(2)k. 
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In Ref. [4] we showed that the partition function of the matrix theory resulting from the 
dimensional reduction to zero dimensions of the six-dimensional theory whose field content is 
described above in the strong coupling hmit (corresponding to cJ 0) is precisely the ADHM 
A;-instanton measure (weighted with the action). The relation between the fields of the six- 
dimensional theory and the ADHM construction is manifest, except for the bosonic variables 
D'^ and the fermionic variables A^. These fields may be eliminated by their equations-of-motion 
and they simply enforce the bosonic and fermionic ADHM constraints by producing the explicit 
delta functions as in our ADHM measure (3.1). 

We now describe how this relation extends to the projected theories. The idea is a simple 
extension of the jV = 4 case to the case where the D-instantons and D3-branes move on the 
orb if old spacetime x R^/Zp. The D3-branes lie along and at the singularity of the 
orbifold. The world-volume theory of the D3-branes is the Zp-projected U(n) gauge theory as 
described in Sec. 1.2. Now we want to consider the matrix theory of K D-instantons moving 
in the D3-brane world volume. Not surprisingly the resulting theory will be identical to the 
M — ^ case, but with a Zp projection. It is easy to see how the projection must act on the 
matrices. Firstly it is embedded in the U(i^r) symmetry (the remnant of the six-dimensional 
gauge symmetry) as CTj^^^} and in the U(n) symmetry (the remnant of the flavour symmetry 
of the six-dimensional theory) as crjAr^}. Finally it acts on 5'C/(4) spacetime indices of the 
six-dimensional parent theory as in (1.3). Explicitly on the bosonic ADHM variables 

and on the fermionic ADHM variables 

(3.10) 

Finally on the Lagrange multipliers for the ADHM constraints 

^{^.}D'''^ik\} = ' <^{K}>^>'ik,} = e'-"^-/n'X . (3.11) 

The resulting theory has the expected symmetries: U(A;i) x ■ ■ ■ x U(/Cp), the auxiliary symmetry 
of the ADHM construction (2.2), and U(A^i) x ■ ■ ■ x U(iVp), the gauge symmetry of the original 
Zp-projected gauge theory. Notice that, as in the A/" = 4 case, the variables xab describe the 
freedom for the D-instantons to be ejected from the D3-branes in the orbifold directions, the 
six directions orthogonal to the D3-brane world- volume. 

3.3 Fluctuation determinants for A'^ = 

The ADHM collective coordinate measure that we have constructed in the non-supersymmetric 
cases needs to be supplemented with the determinants of the fluctuations of the various flelds. 
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gauge, fermion, scalar and ghosts, around the instanton solution. Fortunately, in a supersym- 
metric theory, it was shown by D'Adda and Di Vecchia [23], that the determinants all cancel 
in a self-dual, i.e. instanton background. The purpose of this section is to consider the deter- 
minants in the A/" = theories and show that they will not affect the large- iV saddle-point 
analysis undertaken in Sec. 4. This is not surprising as the theories we consider have the 
vanishing beta-function in the large- limit. 

Let us define A^'^'*' to be the appropriate generalized Laplacian operators that govern 
the fluctuations in the vector, Weyl fermion and complex scalar fields, respectively, around the 
instanton solution, in the representation R of the gauge group. ^° For each of these operators 
we will define a suitably regularized determinant: 

detAS'^'^) = exp-rS'^'^) . (3.12) 

The details of the regularization procedure will not be relevant for our purposes. The fluctua- 
tions for all the fields will contribute 

^ = exp(r2.-r^; + rg) (3.13) 

to the classical measure. In the above Rf and Rg are the representations of the gauge group 
of the Weyl fermions and complex scalar fields, respectively. 



D'Adda and Di Vecchia [23] proved in an instanton background 

(in the vector case the ghost contribution is included) and consequently the contribution (3.13) 
is 

^ = exp(r« -r«+rg). (3.15) 

In a supersymmetric theory there is a Weyl fermion superpartner to the gauge field — the 
gluino — and a Weyl fermionic superpartner to each complex scalar field; consequently Rf — 
adj -I- Rg and the determinants all cancel, i.e. — 1. 



The fluctuations will only contribute to measure in the A/" = cases where in order to evalu- 
ate the contribution we need the expression for F^"*, where R is either an adjoint representation 
of SU(Aq) or a bi-fundamental representation (AT^, N^) of SU(Aq) x SU(A^r)- Fortunately, ex- 
pressions for these determinants were calculated some time ago [24]. For a bi-fundamental 
representation 

r(Sr„iv.) = ^«rS5^ + ^^r($.-logdetL(«'-) + ^ J d^xlogdet/(^) n^ogdet/W. (3.16) 

^"For the vector fields, of course, only the adjoint representation is relevant. 
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In the above, is the kg x kg ADHM matrix of the SU(iVg) factor. The operator L(«^) is 
defined in (2.13). The result for the adjoint representation of S\J{Nq) follows by a restriction 
[24]: 

^ '^^i^N, - log det L(««) + ^ y d'^x log det/(«^ log det/(«) . (3.17) 

Notice that in both cases (3.16) and (3.17), the only A*"^ dependence comes from the first term 
only, involving the determinant of the Ng representation. It is fortunate that the cumbersome 
regularization dependent expression for F^^^ will not required (see [25-27] for details). 

To get the fluctuation contribution to the measure, we need to consider the product over the 
various fields. Although, the final result is non-vanishing for the non-supersymmetric theories, 
significantly the Ng dependent and regularization dependent parts of (3.16) and (3.17) cancel 
between the bosons and fermions to leave the following — Ng independent-contribution to the 
measure: 

p 

_ I (-^{9 9)^-1 j~J (•^(9g+?A+9s)-)-l/2 JJ" ^(Q9+gA)\ (3.18) 



A<B 



where 



F^i'^ = det L^^'-) exp --^ / d^x log det/^^^ log det/(") . (3.19) 

167r"' J 

For the supersymmetric theories, since qi — 0, we have 

JJ^ ^(9?+9a) _ ^(99) JJ' ^^(g9+9A+gs)^i/2 ^ (3.20) 

A A<B 

and so ^ = 1, as expected from the general analysis of D'Adda and Di Vecchia [23]. 

The main result that we take away from this section is that in the — theories where 
the fiuctuation determinants contribute to the measure, there is no Ng dependence in the final 
result and so these terms play no role in the large- A^ saddle-point approximation of the measure 
undertaken in Sec. 4. 



3.4 The gauge invariant measure 



Since the measure is used to calculate the correlation functions of gauge invariant operator 
insertions, it is convenient, following [4], to change variables to a set of gauge invariant param- 
eters and to explicitly integrate over the gauge degrees-of-frccdom which parameterize a coset 
space. As explained in [4], this brings along a very significant advantage; namely the non- linear 
bosonic ADHM constraints become trivial and can be explicitly integrated out. 
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A natural set of gauge-invariant collective coordinates, for Nq > 2kq, is obtained by con- 
structing bosonic bilinear variables W with diagonal blocks: 

^.(9)-. ^^W-i^C'/) . (3.21) 

In terms of the 2K x 2K matrix W, we then define 

lyo^traiy, W^" = tr2TW, c=l,2,3, (3.22) 
where W'^ appeared previously in (2.11). 

The gauge invariant measure then follows from the identity [4] 

dw^'^Uw^'^^ {det2k,W^''Y''~^''' dW^'^"" II dW^''^\ (3.23) 



/ 

J gauge 

coset 0=1,2,3 



valid for Ng > 2kq, applied to each diagonal block. The constant of proportionality was derived 
in Ref. [4] but will not be needed for our present purposes. As already mentioned earlier, going 
to a gauge invariant measure brings a very significant advantage: we can integrate out the 
ADHM 5-functions explicitly. In the bosonic sector, the ADHM constraints can be written 
succinctly in terms of the gauge invariant variables as [4] 

= W^-z[a'^,a'^]rj'^^. (3.24) 

The remarkable feature of this re-writing of the constraints is that it is linear in and 
consequently the integrals simply remove the bosonic ADHM 5-functions in (3.1). 

There is a similar story in the fermionic sector. First of all we decompose 

= w^C^ + u^, //^ = CaW^ + ■ (3.25) 

Here C,"-^ and have the same block diagonal form as M.^ as in (2.5). So and Cl^^^ 

have dimension kq x kq^q^, while u^'^^^ and P^^^^ have dimension {Nq — 2kq) x /c^+g^ and kq x 
{Nq+q^ — 2kq^q^), respcctivdy. The variables he in the orthogonal subspace to Wa, in the 
sense that 

w"u^ = 0, u'^w^ = . (3.26) 
In terms of the new variables the fermionic ADHM constraints (2.6) are 

Cfwi + W.^C^^ + [M-^, ] = . (3.27) 
The C,^ integrals then remove the fermionic ADHM 5-functions in (3.1). 

Furthermore, in the fermionic sector we can integrate out the and variables; this 
being the fermionic version of integrating over the gauge coset [4]. In order to do this, it is 
useful to split the fermion bilinear (2.9) that couples to xab in (3.5) as 

pAB ^ j^AB ^ ^AB^ (328) 



17 



where the first term has components just depending on {u^, u^}: 



A^^ = ^ (^^.^ - P^.^) , (3.29) 



and the second term depends on the remaining variables 



A^^ = ^ ( C^iy^^^ - C^W^^C'^ + {M'-\ M'^}) , (3.30) 



where is ehminated by the fermionic ADHM constraints (3.27). We can now exphcitly 
integrate out the z/^^'s and z/"^'s. In general, unless ki = ■ ■ ■ = kp, the result is rather cumbersome 
to write down and for the large- iV calculation with N = Ni = ■ ■ ■ = Np, to be undertaken in 
Sec. 4, we need only note 



/ 



Yl du^dP^ exp[V8mg-hrKXABi^^iy^] ^ (deUKX)^ ■ (3-31) 

A=l,2,3,4 



4. The Large- A/^ Inst ant on Measure 



In this section we investigate the ADHM gauge-invariant instanton measure for the conformal 
field theories with N = Ni — ■ ■ ■ — Np in the large- A?" limit by a steepest descent method 
following Ref . [4] . Our primary purpose is to determine the dependence of the large- A^ measure 
on the variables of the ADHM construction and so we shall not keep track of the numerical 
pre-factor as we did in the Af — 4 theory. 



4.1 The saddle-point equations and their solution 



In order to take the large N limit of the multi-instanton measure, we have to gather together 
all the terms which involve the exponential of a quantity times N. As explained in [4], after 
rescaling xab VNxab, there are three terms that contribute to what can be viewed as an 
'effective action': 

^-eff = -2K{1 + 3 log 2) - log det2KW - log det4i^x + tr^ Xa^Xa ■ (4.1) 

The second and third terms come from (3.23) and (3.31) while the final term comes from 
(3.5). Fortunately, as we have explained in Sec. 3.3, the fiuctuation determinants give an N 
independent contribution and so do not play any role in the saddle-point analysis. 

We can now perform a steepest descent approximation of the measure which involves finding 
the minima of the effective action with respect to the variables xab, and a^. The resulting 
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saddle-point equations are^^ 

e^^'^^ (Jj ■ Xab) XCE = ^f^f l[if]x[if] , 

XaXa = U^-r , (4.2) 

[Xa, [Xa, a'J\ = ifjnJa'^, {W-'y] . 
where we have introduced the matrices 

{W-y = tr2 W-\ {W-y = tr2 rW"^ . (4.3) 



We note that the expression for the effective action (4.1) and the saddle point equations 
(4.2) look identical to those derived in [4] for the unprojected A/" = 4 theory. The solutions 
of these equations, however, will not be the same as they have to be invariant under the Zp 
projection. This means that and have the block-diagonal form (2.1), while xab is 
generally off-diagonal (3.8). With this in mind we shall use the analysis of the J\f = 4 theory 
as a guide and draw heavily on the results derived in [4] . As in the Af — A case we look for a 
solution with = 0, c = 1, 2, 3, which means that the instantons are embedded in mutually 
commuting SU(2) subgroups of the gauge group. In this case equations (4.2) are equivalent to 

«m] = K, Xab] = [xab, Xcd] = , = \{XaXa)~'^ ■ (4.4) 

The final equation can be viewed as giving the value of W^, the instanton sizes, at the saddle- 
point and clearly XaXa a-nd must be non-degenerate. 

In the appendix we prove that in the type IIB case when S^/Zp is smooth there is no 
solution to (4.4) unless k = ki = ■ ■ ■ = kp. For the analogous type OB case, when 5*^/2^/2 
is smooth, a solution only exists in the charge sector with kj^ = k2 = k^^ — • ■ ■ — kp and 
k- = ki — k^ — • • • — kp^i. For the type IIB case, the general solution, up to the auxiliary 
symmetry, has the block-form 



(4.5) 



X^B - ^MPi'^AB : ■ ■ ■ : Pk'^^AB) ■ 

Here are unit six- vectors: 

e^^^^O^^O^CTD = 1 or ni{ll = l, (4.6) 

for each i. Notice that the discrete transformation a^k^,,,^^} £ U(/c) x • • • x \J{k) fixes the form of 
(4.5) and imphes some discrete identifications of the ^ab, explicitly Q\q ~ e^^'^'^^^+^^^/^Q^g. 
So the coordinates fi^^ are valued on the quotient S^/Zp. The solution parameterizes the 
positions of k D-instantons in AdS^ x S^/Zp. Notice that the solution breaks 

the auxiliary symmetry to the maximal abelian subgroup U(l)^;3^g of the diagonal subgroup 
U(A:)diagCU(A;)x---xU(A;). 
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As usual we shall frequently swap between the two representations Xa and xab for 5*0(6) vectors. 
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Now we turn to the solution when S'^/Zp has a singularity. In this case solutions exist 
in all charge sectors and there are multiple branches in the solution space labelled by ^ = 
0, . . . ,mm{kg): 

a;(^) = diag( -Xl...,-Xl -X^'^ , . . . , -X^-^'^ ) , 

^(^) ^ |diag(pr'f^^ ■■■ , Pl'^in , Pi,10'aI : ■ ■ ■ : PIUi^ab''') Qa + Qb^O, (4.7) 

^^"^ [diag( p^lQl , . . . , pl'Clis , , . . . , ) QA + QBy^O. 

In the above the G)^*^ arc unit vectors lying in {S^ /7jp)sing, in other words subject to (4.6) 
but with 0^*^ = 0, for Qa + Qb ^ 0. In this case the solution represents k D-instantons with 
positions {pi, X^, in AdS^ x S^/Zp along with kg — k fractional D-instantons of type q with 

positions {pi,q, XI^'^,&J^q} in AdS^ x (5'^/Zp)smg- The solution breaks the auxiliary symmetry 
to U(l)^j3^g X U(l)^~^*^. In the case k = ki — •■■ — kp on the branch with k — k we recover the 
solution (4.5). 

In the type OB theories, the solutions are generalizations of those above with the fol- 
lowing difference. There are now two kinds of D-instanton associated to the even and odd 
blocks. In particular, when 5'^/Zp/2 is smooth a solution only exist in the charge sector 
. . . The fact that D-instantons now come in two types matches precisely 

our expectation of the type OB string theory. 

4.2 The large-TV instanton measure 

In this section we construct the large-A^ instanton measure. In principle, we have to expand 
the effective action around the general solutions written down in the last section to sufficient 
order to ensure that the fluctuation integrals converge. In general because the Gaussian form 
has zeros whenever two D-instantons coincide one has to go to quartic order in the fluctuations. 
Fortunately, as explained in [4], we do not need to expand about the most general solution to 
the saddle-point equations to quartic order since this is equivalent to expanding to the same 
order around the most degenerate solution where all the D-instantons (in our present case both 
fractional and non- fractional) are at the same point in AdS^ x S^/Zp. The resulting quartic 
action has flat directions corresponding to the relative positions of the D-instantons. We can 
then recover the original expansion that we wanted by rc-cxpanding this action around some 
general point along a flat direction. It can then be established ex post facto that this is a 
consistent procedure. 

When S^/Zp has a singularity, the maximally degenerate solution is (4.7) with all the 
instantons at the same point. In particular, unless ki — ■ ■ ■ — kp there are fractional D- 
instantons and this means that only the components xab with Qa + Qb — ^ are non-zero: 

— 2p^l[K]x[K] , a,'^ = —XnliK]x[K] , Xab = P ^Qab^[k]xik] , (4.8) 
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where as before Qab is a unit vector in the directions fixed by Zp. The desired result for the 
large- A?" measure is immediate because on the saddle-point solution (4.8) all the variables are 
proportional to the identity matrix as in the Af — 4 case and one can essentially copy the analysis 
of Ref. [4] verbatim. The result is that the large- measure is simply, up to a normalization 
constant, the partition function of the Zp-projection of A/" = 1 supersymmetric ten-dimensional 
U(-ft') gauge theory dimensionally reduced to zero dimensions. The ten-dimensional gauge field 
has 



^/^ = (P '«n,PXAB) , (4.9) 

and the ten-dimensional Majorana-Weyl fermion has components 

^-^g{p-'^'M'^\p'^'C^). (4.10) 
The Zp-projection acts as on the U(ir) -valued variables as 



(4.11) 



The partition function is then defined as the integral over the projected variables of the ten- 
dimensional gauge theory with an action where all the derivative terms are set to zero: 

Z= [ d^Md^^^e-^^^^-'*) , (4.12) 



with 



S{A^,^) = -UrK[A^,A,f + N-'/HrK^r^[A^,^i'] . (4.13) 



The result for the large- A?" measure when S^/Zp is smooth is also the partition function 
of the corresponding Zp-projected gauge theory, but only for the appropriate charge sectors, 
i.e. {k,. . . , k}, for type IIB, and A;+, . . . , for type OB. We consider the former case 
first. The arguments leading to this conclusion are more complicated because the maximally 
degenerate saddle-point solution for xab is not simply proportional to the identity. Below we 
sketch the proof. 

First of all, the maximally degenerate solution is 

p 

= 2p'^liK]xlK] , On = --^nl[K]x[K] , Xab = P~^^AB'^lk]xlk] ® ^ -E'gq-g^-gB • (4-14) 

9=1 

^^The following analysis is also valid in the same charge sector when S^/Zp has a singularity. 
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Notice that Xab, for + 7^ 0, is off-diagonal. It is useful to introduce the notation Sab 
for the saddle-point solution for xab- For each of the quantities v e {a^,XAs} we define the 
following decomposition 

V = Vq + V + V , (4-15) 

where Vq is the saddle-point value of the variable, v are the components which do not commute 
with at least one Sab- The remaining variables v then commute with all the components Sab- 
Exphcitly this means that 

p p p 

q=l q=l q=l 

with EJ=i^'Sl[M = and trfe?)f,7x[,] = 0. 

The complication in this case is that there are now fluctuations that are lifted at Gaussian 
order. The relevant terms in the expansion of the effective action are 

S^^^ = -tr;, [Sa, Sa'^f - phiK [Sa, Sxb? + phiKiSa, Sxa? - (4.17) 

So any fluctuation in a'^ and Xa that does not commute with Sb will be lifted at this order in 
the expansion. These are precisely the variables d'^ and Xa in the decomposition (4.15). 

Actually, not quite all the fluctuations Xa are hfted by (4.17) because there are exact fiat 
directions of Ses generated by the action of the auxiliary U(/c) x • • • x \J{k) symmetry group 
on the saddle-point solution. Infinitesimally, these are the variations 

xl=[Sa:e], (4.18) 

where e = Ylq=i ^^'^^ ®Eqq are infinitesimal parameters of the transformation. It is convenient to 
'gauge-fix' this symmetry by integrating only over fluctuations Xa orthogonal to the variations 
xL These fluctuation can be specified by the conditions 

iiK{xi[Sa.e])=Q, Ve, (4.19) 

or equivalently [x^, Sa\ — 0, hence the 'gauge-fixed' quadratic action is therefore 

= -tr^ [Sa, ~a'S - p'i^K [Sa, Xi? - (4.20) 



Now we come to the crux of the argument. In general there could be cubic interactions 
that couple one tildcd variable with one two hatted variables, i.e. schematically of the form 
i'^KViV2V'i, that contribute at the same order in as the Gaussian terms in (4.20) and 

quartic terms in the hatted variables. However, because of the decompositions (4.16) such 

^^These are in addition to the fluctuations 5W^ that are lifted at this order: see [4]. 
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couplings vanish. The quartic terms in the hatted variables follow in an identical way to the 
Af — A calculation [4]. Finally, at leading order in the bosonic variables are controlled by 
the gauge-fixed action 

5gf = -trK [Sa, -a'n? - p'tTK [Sa, xt? " ^tr^ (P"'K, + 2[Xa, a'^? + p'iXa, Xb?) ■ (4.21) 

Up to a terms which are sub-leading in we can write this as a gauge fixed version of the 

action of the ten-dimensional gauge field (4.9) as in (4.13). The point is that (4.21) differs from 
(4.13) by (i) terms quadratic in tilded variables and quadratic in hatted variables (ii) quartic 
in tilded variables. But both these kinds of term are sub-leading in 1/N. So in the resulting 
partition function (4.12) some of the terms in the action are actually higher order in 1/N. A 
similar result is follows in the {A;_, k+, k-,. . . , k+} charge sector of the type OB theories when 
/'Lp/2 is smooth. 

In retrospect we can see the relation between the general solution of the saddle-point 
equations and the flat directions of the gauge theory action (4.13). The point is that the 
vanishing commutators in (4.4) are precisely the equations-of-motion of the gauge theory action. 
In other words the space-of-solutions of the saddle-point equations is identical to the 'vacuum 
moduh space' of the matrix model. Therefore the fact that the saddle-point solutions can be 
identified with the moduli space of D-instantons is no accident. In the general case, the solutions 
describe the possible fractionations of D-instantons at the singularity (-S'^/Zp)sing. In the J\f — A 
case the integrals over the relative positions of the D-instantons are actually convergent and the 
charge k D-instanton can be thought of as a bound-state. It would be interesting to investigate 
the convergence of the integrals over the relative positions of the (fractional) D-instantons 
in these more general theories. In particular, the convergence issue is crucial for finding the 
A^-dependence of the large- A?" instanton measure. 



4.3 Contribution to 16 fermion correlators 



In the Af — 4: theory, the simplest correlation functions which received instanton contributions 
involved insertions which only saturate the Grassmann integrals over the collective coordi- 
nates corresponding to the 16 supersymmetric and superconformal zero-modes. In this section, 
we show that the effective large- measure in the charge sector {k, ... ,k} in the analogous 
fermionic sector is identical to the A/" = 4 case. By analogous fermionic sector we mean the 
sector where the integrals over the 16 variables and f/""^ defined by 

p p 
M'^ = Iwxw ® ^11-1- ' = ^"^Iwxw ® Yl ' (4.22) 

9=1 q=l 

are saturated by insertions rather than from terms in the action of the partition function 
(4.12). These variables obviously include the collective coordinates and 7]""^, for qa = 0, 
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corresponding to the supersymmetric and superconformal zero-modes modes. 

So the effective measure in this fermionic sector is defined by separating out the integrals 
over and fj"^ from (4.12) and leaving them unsaturated. The appropriate thing to do now, 
and which will be justified ex post facto, is to expand the action around the branch in the 
solution space in (4.14). The gauge fixing described in the last section leading to the action 
(4.21) is valid in this context. We can integrate the fiuctuations lifted at Gaussian order 
and Xa- 



9fc2/2 



I d~a' dx^ exp ( - TVtr^ ~a'S - Nphr^ [S^, xi?) = p-io^^(^-i)Ar-9^^(p-i)/2 (det;M) 

(4.23) 

where M is the p x p matrix^^ 



p 



M = 2J2 e^^^^'nABClcniE,,-,^-,, - E,,) . (4.24) 

q=l 

The prime on the determinant in (4.23) implies that we should take a product only over the non- 
null eigenvalues of M since the latter has a null eigenvector of the form ^^^^ e^. In addition, 
we must take into account the gauge-fixing Jacobian: 

Jgf = (VolC/(A;))^-V"^^"'^'='(det;M)^'/' . (4.25) 

To arrive at our answer, we must also integrate-out the fermionic partners to the Gaussian 
variables, namely, and C,^^. These are coupled, to the saddle-point solution via the terms 



iV^f = (^)'^%rx(p[^AB,C^]Cf + . (4.26) 



'27r2Ar^i/2 
The fermionic integrals are then 

4(p-l)fc2 



/ n dCUM'^ e^'^ ^ r-^) {dei',^Gr\ (4.27) 

A=l,2,3,4 \ 9 J 



where G is the 4p x 4p matrix with block-form elements 



p 



Gab = ^AB ^(-Egq-g^-Qs - Egg) (4.28) 

9=1 



Actually the definition of the supersymmetric and superconformal collective coordinates differs from (4.22) 
by a linear shift which we may transform away; see [4]. 

^^It is useful to introduce a basis of vectors to match the block-form of the matrices. To this end we define the 
p-dimensional column vector Cg with a 1 in the g*^ position and elsewhere. These vectors have the property 
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and, as before, the prime, indicates the removal of the zero eigenvalue. Since as p x p matrices 
[Gab, God] — 0, it is straightforward to show that 

detl^G = {det'p{y^'''GABGcD)Y = (det;|M)' , (4.29) 

where M is the matrix defined in (4.24). Notice that the determinant factors of M cancel 
between (4.23), (4.25) and (4.27). 

What remains are the integrals over the quartic fluctuations a'^ and Xa along with their 
fermionic partners which have the form of the partition function of ten-dimensional J\f = 1 
supersymmetric SU(fc) gauge theory dimensionally reduced to zero dimensions. Being careful 
with the factors of and g, our final result for the large- iV measure in this sector is 

/ dl4;;-%-'^^- /ViVe^-^'^^ / ^^d'n n ci^e^rfV-^su« + --- . (4.30) 

where the ellipsis reminds us that the expression is only the part of the measure where the 16 
variables and f/"^ are left un-integrated. 

Notice that (4.30) is identical to the large- measure in the charge k sector of the Af — A 
theory with r pr. Hence charge k instanton contributions to the 16 fermion correlators 
evaluated in the J\f = A theory will be identical to those from the charge {k, ... ,k} sector in 
the orbifold theories. 



5. Relation to Af = 2 S\J{N) Gauge Theory with Np = 2N 



In the above we have considered the instanton contributions in the large- A?" limit to a class of 
J\f — 2 theories with product group structure SU(A^) x • • • x SU(A^) (after decoupling the abelian 
factors). In Ref. [28] we considered the contributions of instantons in the large- hmit to the 
J\f = 2 conformal theory with gauge group SU(A^) and with Np = 2N fundamental hyper- 
multiplcts. Although apparently unconnected, the instanton contributions in these theories are 
related in the following way. Consider the charge sector {k, 0, . . . , 0} in the M = 2 supersym- 
metric theories with gauge group SU(A^) x ■ ■ ■ x SU(A^). In this instanton background only the 
SU(A^) gauge field Vn^ is non-zero, and consequently only the adjoint fermion fields A*^^-*^, with 
A = 1, 2, and adjoint scalar fields with AB = 12, 34, along with the fermion fields A(«)^, 

with g = l,p and A = 3, 4, and the scalar fields A^?)^^, with g = l,p and AB = 13, 14, 23, 24, 
which transform in either the N oy N representations of the SU(A") factor, are non-zero. These 
fields amass into the an SU(A^) vector representation oi M = 2 supersymmetry and 2A" funda- 
mental hypcrmultiplets; precisely the theory considered in Ref. [28]. So the instantons in the 
{A:, 0, . . . ,0} charge sector of the first theory should describe the charge k instantons of the 
second theory. 
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Now we are in a position to interpret the results of Ref. [28] for the large- A?" instanton mea- 
sure in the context of the results in this paper. In the charge sector {A;, 0, . . . , 0} the large- A?" 
instanton measure involves the partition function for the Zp-projected J\f — 1 supersymmet- 
ric V{k) gauge theory in ten-dimensions dimensionally reduced to zero dimensions, with Zp 
embedded in the gauge group as o"{fc,o,...,o} = l[iv]x[]v] and in SU(4)/j as in (1.3). Only the V{k)- 
adjoint matrices Xab' ~ 12,34, Ai'a^^^ and (^(i)"^^ with A = 1,2, survive this projection. 
The resulting partition function can equally well be described as that of the A/" = (1,0) su- 
persymmetric \J{k) theory in six dimensions dimensionally reduced to zero dimensions. This 
is precisely the result of Ref. [28]. In particular since from the orbifold perspective all the k 
instantons are fractional we have a simple explanation of the observation that the saddle-point 
solution of Ref. [28] described a point-hke object in AdS^ x S^: the is precisely the orbifold 
singularity of S^/Zp on which the fractional D- instantons are confined to move. 

6. Discussion 

In the = 4 theories much more could be achieved [4] because the measure could be used 
to calculate instanton contributions to particular correlation functions which could then be 
compared with D- instanton induced terms in the type IIB supergravity effective action [6]. In 
this comparison the overall numerical pre-factor in the large-iV ADHM measure was crucial 
to get the precise agreement found in [4]. For the orbifold theories we have not kept track of 
the numerical pre-factor since it is not clear on the dual side what to compare with. In fact 
a dual supergravity approximation of the string theory only exists if S^/Zp is smooth, unless 
the singularity is blown up in some way. It would clearly be interesting to attempt the more 
detailed check of the duahty carried through in [4] . 
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Appendix A: 

In this appendix we prove that solutions to the saddle-point equations (4.4) for the type IIB 
dual cases when S^/Zp is smooth only exist if all the kq all equal. 

Our proof proceeds along the following lines. Since all the matrices xab commute they have 
a basis of simultaneous eigenvectors. In order to show that there are no solutions to (4.4) unless 
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all the instanton numbers in each group factor are the same we will show that in the contrary 
situation the matrices xab have at least one common null eigenvector and consequently (4.4) 
cannot be satisfied because is non-degenerate. 

Consider, for the moment, one of the xab matrices, which we denote generically as A, with 
the block form 

p 

A = J2A^''^ ^Egg^r- (A.l) 

9=1 

Since Zp acts freely on we have r 7^ mod p. In general, if r and p have some common 
integer divisor(s) (the largest of which we denote c) Zp does not act faithfully on A, rather only 
the subgroup Zp/c is realized. 

The first result we need, is that any non-null eigenvector of A has the form 

p/c 

v = J2v^''''^''^ 0erg+s, (A.2) 

q=l 

where all the components ti('''J+*), q = 1, . . . ,p/c, are all non-vanishing. To see this consider 
the eigenvalue equation in the block-form basis: 

Iterating this equation p/c times we cycle back to yield an eigenvector equation for v^^^: 

J^(rp/c+s) . . . J^{r+s)^{s) ^ XP/'^yi^) _ (A. 4) 

Denoting the eigenvalue as we have A = /z*^/^. This means that each non-null eigenvector 
of ^(r-p/c+s) . . . gives rise to p/c non-null eigenvectors of A itself, the multiplicity arising 

from the p/c choices of the roots of A = //"^Z^. The non-null eigenvectors of A are consequently 
of the form 

p/c 

V^J2 At"^/^A('-«+*) • • • ^('•+^)^;(^) <g) Srq+s . (A.5) 
9=1 

As stated, the non-null eigenvectors have the form (A.2) where all the components ^;(''«+*), 
q — 1, . . . ,p/c, are all non- vanishing. 

The fact that the non-null eigenvectors have the form (A.2) implies that all the remaining 
eigenvectors must be null. The null eigenvectors can therefore be written as 

v^'?) (g) eg , (A.6) 
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with no sum on q. A lower bound on the number of null eigenvectors of the form (A. 6) is 
consequently 

d{r, q) = kg - k^i^{r, q) , (A. 7) 

where k^in{r, q) is the smallest number in the set {kg+nr, n — 1, . . . ,p/c}. 

We now denote the first matrix as Ai, with associated quantities ri and ci, and introduce 
a second matrix A2 of the same form: 

^ = ^4'')® (A.8) 

q=l 

that commutes with Ai. We now proceed to establish a lower bound on the number of simul- 
taneous null eigenvectors of Ai and A2. The point is that certain linear combinations of null 
eigenvectors of Ai of the form can be non-mill eigenvectors of A2. and vice- versa. We must 
enumerate the maximum possible such combinations that can arise to establish a lower bound 
on the simultaneous null eigenvectors of Ai and A2. Consider the null eigenvectors of Ai of the 
form (A. 6). A combination of such null eigenvectors of the form 

yii) ^eg + ^;(«+'-^) (g) eg+r, + ■■■ + v^'^^^^'''^-'^^''^ ® e,+(p/,,_i),, , (A.9) 

can be a non-null eigenvector of A2. The number of such combinations that have this property 
is clearly bounded above by 

min((i(ri, q), d{ri, q + r2), ... , d{ri, q + {p/c2 - l)r2)) . (A. 10) 

Hence a lower bound on the number of simultaneous null eigenvectors of the form v^"^^ (8) is 
given by 

d(ri, q)-min{d(ri, q),... , d(ri, q + (p/c2 - l)r2)) 

= max(0, d{ri, q) - d{ri, q + r2), ... , d{ri, q) - d{ri, q + (p/c2 - l)r2)) 

However, we can also run the argument the other way and consider the null eigenvectors of A2 
that can be non-null eigenvectors of Ai. Taken together this gives a lower bound Xg on the 
number of simultaneous null eigenvectors of Ai and A2 of the form v^^^ (8) eg 

Xg = max((i(ri, q) - d{ri, q + n2r2), d{r2, q) - d{r2, q + niri)) . (A. 12) 

The expression above is written in short-hand where the integers run over the values ni,2 = 
0, ... ,p/ci,2 - 1. 

It is now easy to introduce a third matrix A3 and establish a lower bound on the simulta- 
neous null eigenvectors of all three matrices. The idea is to consider the maximum number of 
simultaneous null eigenvectors of Ai and A2 that can be non-null eigenvectors of A3. For null 
eigenvectors of the form v^^^ ® tg, this number is bounded above by 

min(Xg, Xg+rg, . . . , Xg+(p/c3-i)r3) . (A. 13) 
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Hence a lower bound on the number of simultaneous null eigenvectors of Ai, A2 and A3 of the 
form v^'^^ (8) is given by 

max(0, Xg - Xq+rs, ■ ■ ■ ,Xq- ^q+ip/cs-iys) ■ (A-14) 

This establishes a lower bound on the number of simultaneous null eigenvectors of all three 
matrices. The most stringent bound is then obtained by considering all three permutations of 
this line of reasoning. Putting all this together, one finds a lower bound 

max(d{ra, q) - d{ra, q + ribn) - d{ra, q + ncTc) + d{ra, q + + ncTc)) (A. 15) 

on the number of simultaneous null eigenvectors, where a, b, c run over the 6 permutations of 
1, 2, 3, and the integers Ua — 0, . . . ,p/ca — 1. 

Using the equations (4.4) for xab and the reality condition (3.6), the last equation in (4.4) 
can be written as 

xUxu + xl3Xi3 + xlxi4 = \{WY' ■ (A.16) 

If X12, Xi3 and Xi4 have a simultaneous null eigenvector then there can be no solution to this 
equation since is non-degenerate But (A. 15), with ri = qi + q2, T2 = qi + qs and = qi + q^, 
gives a lower bound on the number of such null eigenvectors; hence for a solution (A.16) to 
exist, it is necessary that for each q and permutation of a, b, c 

diva, q) - d{ra, q + n},n) - d{ra, q + ncTc) + d{ra, q + + ncTc) < . (A. 17) 

The only way this set of inequalities can be satisfied is if d{r-a, q + ^c^^c) — d{ra, q + nbTb + ncTc) 
is independent of ric which further requires that all the kg have to be equal. QED. 
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